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Introduction
The requirement for increasingly innovative and lightweight structural solutions has driven the development of anisotropic and hierarchical material architectures, due to the large design space they provide. The outstanding mechanical properties of such materials are typically a result of mimicking the features seen in nature where the self-assembly of hierarchical structures is often used to achieve shape changes upon external stimuli [2] : hydration triggered shape change is often seen in plants whereas humidity driven deformation is achieved in pinecones by restricting swelling or shrinkage in the direction of the reinforcing fibrils [7] . The main difficulty for designers to artificially mimic this behaviour is arranging the fibres in such a configuration so that the performance of the material is improved without drastically increasing the cost.
Self-assembly of fibres has been the focus of much research, with the proposal of many different mechanisms including shear [19] , electrical [24] , ultrasonic [25] and magnetic alignment [27, 32] . The use of magnetic alignment in particular has gained considerable interest due to several advantages over the other techniques [23] . First of all, magnetic forces are contactless volume forces which do not produce any chemical alteration in the material and allow the remote orientation of anisotropic particles in 3D spatial configurations [20, 26] . Second, permanent magnets and electromagnets are nowadays readily available and produce strong enough fields to orient the reinforcements and eventually actuate the composite [28] . Finally, compared to electric fields, magnetic fields are not sensitive to surface charge and pH [23] .
Erb et al. [6] have researched the effect of particle size and magnetic field strength to achieve a uniform alignment of rod-like and platelet-like particles in the host matrix. Particles in the size range of 10 µm give the optimum response, as these only require a very low magnetic field, less than 2 mT, in order to align them effectively in the host matrix. On the contrary, particles on the nanoscale and particles greater than a few micrometres require a higher magnetic torque to align them. This is due to the thermal forces dominating at smaller scales and gravitational forces dominating for much larger particles. This has been observed for nanoparticles by Takeyama et al. [30] , showing that a pulsed magnetic field strength in the region of 40 T was required to obtain good alignment of single wall carbon nanotubes in a sodium dodecyl sulphate surfactant. Further studies [12, 4, 3] corroborate this data, showing that a magnetic field in excess of 10 T can achieve good alignment at room temperature, and as the magnetic field strength increases the alignment becomes more effective.
Once the fibres are aligned to the magnetic field lines they can in turn offer control of the material properties, such as the mechanical performance 3 [28] , thermal stability [4, 11] , energy dissipation [3] , electrical conductivity [18, 22, 17] and even magnetic actuation [14, 28] . However, the performance of the material depends critically on the degree of orientation; which is in turn dependent not only on the magnetic field strength applied but also on the size, shape, volume [6] and magnetic properties of reinforcing filler used, as well as the curing rate and viscosity of the matrix [1] . Therefore, accurate manufacturing requires the ability to predict the orientation of the dispersion of fibres within the host matrix; wherein the limiting factor to the manufacture is the effect of curing and its associated increase in viscosity with time.
Typically the focus involves the use of fibres dispersed into a liquid solution and oriented by homogeneous fields [13, 12, 16] as this results in a homogeneous dispersion of fibres (in this case: torque is applied to rotate the fibre, but no translation of the fibre takes place). However, an understanding of the effects of the changing viscosity during the curing phase would be beneficial to have an accurate estimate of the final distribution that can be achieved within the composite and select the optimal configuration in terms of matrix/fibre. This work is driven by the need for a simple tool for the prediction of oriented fibres in solution, which is becoming an increasingly important area of research as the need for highly optimised structures continues to develop [10] . The introduced model is equally applicable to the prediction of diamagnetic or paramagnetic materials, and in fact comparisons of the model are made to experimental data on nickel-coated carbon fibres suspended in a PDMS matrix by considering an initially random and homogeneous distribu-tion of fibres. It is anticipated that the consideration of a non-homogeneous magnetic field will drive further innovation into novel engineering materials through self-assembly.
The structure of the paper is as follows. In Sect. 2, the general theory driving the alignment of magnetic particles into a matrix with increasing viscosity is presented. In Sect. 3 the procedure followed to produce and characterise the materials is described and in Sect. 
Theory
This section describes the the motion of a rigid fibre made of magnetic material embedded into a viscous fluid and subjected to an external magnetic field. For the sake of generality, the 3D theory is here introduced whereas in the next section the model is applied to the case where fibres and magnetic field lie in the same plane effectively reducing the problem to a 2D one. The fibre has a cylindrical shape which is approximated as a prolate spheroid with characteristic half-lengths and w ( > w), aspect ratio a r = /w and volume ν = 4/3 πw 2 ; the direction of the main axis given by the unit vector n (see Fig. 1 ).
The application of an external magnetic field induces a magnetisation M direction of B, the magnetisation M and the magnetic energy Ψ of the fibre can be defined by (see [29] )
where n is the unit vector indicating the direction of the fibre, µ 0 is the permeability of the vacuum and χ a = χ m − χ m⊥ is known as anisotropic magnetic susceptibility whilst the coefficients χ m and χ m⊥ denote the magnetic susceptibilities parallel and perpendicular to the main axis of the fibre 1 . The symbol ⊗ indicates the dyadic product between vectors, i.e., ( a ⊗ b) ij = a i b j , whereas · denotes the scalar product. In deriving Eq. (1), the effect of the demagnetisation field produced on the fibre is assumed to be small that is between the applied field and the magnetisation is highly nonlinear: even a small magnetic field applied to a ferromagnet can result in its developing a large magnetization [21] . Only three elements, i.e., Co, Fe and Ni are ferromagnetic at room temperature.
curing epoxy is [5, 1, 15] 
where τ c represents the time at which the viscosity of the solution is e times larger than its initial value η 0 and can be easily determined experimentally. Other expressions of the time-dependent viscosity are possible but it is shown that an accurate description of the system under consideration can be achieved with (3). In any case, changing (3) would not change the subsequent analysis.
The following equations of particle motion [31] in terms of the translational velocity v and the rotational velocity ω around the secondary axis are
where d and d ⊥ are the translational drag coefficients, and d θ the rotational drag coefficients around the secondary axis and I is the identity operator.
In Eq. (4 2 ) we have deliberately ignored the rotation and the corresponding torque around the primary axis since it is of no interest to the present analysis.
By accounting for Eq. (3) and using the defintion of magnetic force, i.e., F = −ν∇Ψ, Eq. (4.1) can be rewritten as
where as the defintion of magnetic torque, i.e., T = ν( M × B), and the relationship d n/dt = ω × n, allow us to compute Eq. (4.2) as
In previous equations, d 0 , d 0 ⊥ and d 0 θ are the drag coefficients evaluated with respect the initial viscosity η 0 ; b = B/B 0 is the magnetic field vector normalised to a reference value B 0 . The normalisation coefficient B 0 is taken as the average value of the magnetic field over a reference volume Ω r ,
Ωr Ωr B · BdΩ r that corresponds, for a uniform magnetic field, to its intensity, i.e., B 0 = B .
The scalar coefficients d 0 , d 0 ⊥ and d 0 θ⊥ which appear in Eqs. (5)-(6) can be calculated as quasistatic values of Stokes flow around a spheroid particle (see for instance [9, 24] ). The drag on a spheroid with aspect ratio a r 1 embedded into a fluid with viscosity η 0 is
for motions parallel d 0 , perpendicular d 0 ⊥ to the primary axis of the spheroid and for the rotation about an axis perpendicular to the primary axis d 0 θ . The time constant τ o in (6) is the characteristic time that guides the orientation of a fibre embedded into a solution with viscosity η 0 and subjected to the action of a uniform magnetic field B 0 ; its expression can be derived from (6) and (7) as
and depends on the geometry of the fibre, i.e., a r , its magnetic properties, i.e., χ a and the viscosity of the matrix, i.e., η 0 .
Standard models, e.g., [12] , use a susceptibility independent of the fibre aspect ratio which implies τ o to be monotonically increasing with a r , i.e., longer fibres take more time to orient due to the increased drag. However, experimental data collated by the authors on Ni-coated CF, and shown in the 9 next section, suggest the opposite behaviour, longer fibres aligning quickly towards the magnetic field lines, which implies , χ a to increase with the fibre a r .
The solution of (5)- (6) , which is a system of nonlinear PDEs, is not an easy matter and in fact an analytical solution is recovered only for a homogeneous field. Such a case has been already dealt with in [14, 6] where a constant viscosity of the embedding fluid was assumed; however, here the solution for a time varying viscosity is derived and it is shown that it can more accurately describe the case of a curing composite. For the sake of simplicity, we restrict our attention to the case of a homogeneous external magnetic field whose orientation does not change with time. In this situation, the equation in (5) vanishes ( ∇Ψ = 0). By using the following relationship
between the derivative of the orientation vector n and the angular velocity ω = dΦ/dt k, assumed here perpendicular to the plane containing both the fibre and the magnetic field lines, the remaining governing equation (6) can be expressed in dimensionless form as
where Φ is the relative angle between the fibres and the magnetic field, and γ is the ratio between the orientation characteristic time τ o and the char- The case of a matrix with constant viscosity is encompassed by the model (10) when γ → 0, a case which was already dealt with in [13] and [14] . The solution of Eq. (10) in terms of the initial angle Φ 0 is
which is a useful tool to predict the fibre distribution achieved after a time t r .
In fact, the total number of fibres ∆N oriented at time t r within an angle ∆Φ, can be worked out in terms of the distribution function ρ(Φ, t r ) := lim ∆Φ→0 ∆N/∆Φ.
Hence one has ρ(Φ, t r ) = dN/dΦ = (dN/dΦ 0 )(dΦ 0 /dΦ), which allows the distribution ρ to be obtained from (11) . By assuming a random orientation at time t r = 0, then the initial distribution dN/dΦ 0 is constant and equal to 1/π. By inverting Eq. (11) and taking the derivative with respect to Φ 0 , one obtains the following distribution function ρ (
which at curing, i.e., t r → +∞, reduces to
The function ρ in (12) is plotted in Fig. 2 to show the evolution of the fibre orientation for two values of the parameter γ, i.e., for two different curing times of the composite. In both cases, the fibres have at time t r = 0 the random orientation represented by a straight line. For γ = 5, the characteristic orientation time τ o is larger than the characteristic curing time and in fact the composite solidifies before the fibres have the possibility to fully orient with the magnetic field lines. As such, the final distribution has a much larger orientation spread than the case of γ = 0.5 for which the curing time doubles the orientation time.
The probability p φ of having a fibre with an orientation of ±φ at time t r is given by
whose inversion with respect to the reduced time t r gives
Equation (15) gives the time necessary to achieve an orientation of p φ with a spread in the fibre angles of ±φ. Certainly, the possibility to achieve such a spread depends upon the ratio γ between the orientation time and the curing time of the composite: large values of γ imply the composite cures too fast to allow the fibres to achieve the desired orientation.
Equation (15) is defined only if the argument of the logarithm is positive, i.e., γ log(tan(πφ/2)/ tan(φ)) < 1; such a condition gives the maximum value of γ at which the desired orientation is achievable. Correspondingly, by using the definition of γ = τ 0 /τ c and Eq. (8), it is possible to work out the minimum magnetic field that allows the orientation spread of ±φ for p φ of fibres at curing, i.e.,
Apparently, the magnetic field intensity depends upon the curing rate of the composite, i.e., η 0 /τ c , and the magnetic and geometric properties of the fibres. Magnetic fields up to 1 T can be generated in a normal lab environment through the proper assembly of neodymium magnets [28] without using large and complex electromagnets. In this sense, Eq. (16) represents a useful tool to discriminate which materials and fibres can be used to achieve fibre orientations with a reasonably low magnetic field. In Sect. 3 this equation is compared against the experimental data collated by the authors.
The contour plot of this function is shown in Fig. 3 for carbon fibres (χ a = 10 −4 ) in terms of the curing rateη 0 = η 0 /τ c and the fibre aspect ratio a r . The red area in the figure shows the region where the magnetic field is higher than 1 T; any configuration which falls within this area requires fields that cannot be generated by "standard" magnets but requires more complex equipment such as superconducting magnets [13] .
Material Preparation and Characterisation
The experiments involved dispersing Nickel coated Carbon Fibres (NiCF)
into the pre-cure phase of a PDMS solution. The fibres were subsequently The fibres/PDMS mixture was firstly agitated to partially homogenise the mixture, then sonicated for 1 hour and then again agitated. The supernatant was then separated and added to curing dishes in 1g quantities, before curing 
Results and Discussion
During the curing process, fibres originally randomly dispersed rotate to align with the magnetic field lines. This process is evidenced in Fig. 7 where actual micrographs of the specimen, together with the corresponding fibre orientation distribution, are shown at three different times t = {60, 220, 340} min for a specimen subjected to a constant field of 80 mT. Fibres with the lowest aspect ratio, i.e., 10 < a r < 20, have the lowest tendency to align with the field lines and, in fact, after 340 min their distribution function has a large spread around the field direction at Φ = 0 • . On the contrary, a large number of long fibres with a r > 30 are already oriented after 60 mins and at 340 min the distribution function displays a sharp peak. In terms of the characteristic orientation time τ o , this corresponds to longer fibres being associated with lower τ o compared to the shorter ones.
Such behaviour is indeed the opposite of that expected from the definition (8) in which τ o increases with a r . However, it is also expected that long fibres have a larger susceptibility compared to the shorter ones, and therefore, χ a being a measure of the fibre anisotropy, should increase with a r ; such a circumstance indeed explains the behaviour observed in Fig 7. To further investigate this effect, the distribution functions are compared to Eq. (12) in four different aspect ratio ranges, i.e., [10 − 20, 20 − 30, 30 − 40, 40 − 50] and the corresponding results shown in Fig. 8 . Each curve is obtained by solving, in Matlab (R2012b), a nonlinear least square problem that for each a r tries to fit the data from the three times {60, 220, 340} min.
The quality of the fitting is seen in Fig. 8 with the model closely matching the experimental data at the lowest a r and giving accurate results at larger aspect ratios except for t = 60 min when the model underestimates the portion of oriented fibres. As such, the corresponding characteristic orientation times τ o will be slightly underestimated. In terms of τ o , the fitting gives the anisotropic susceptibility whose values are shown in Fig. 9 in terms of fibres a r : χ a has a quadratic dependence on the fibre a r and passes from about 2.5×10 −3 for fibres with an average aspect ratio of 15 to 2.5×10 −2 for an average aspect ratio of 45. The fitting function in Fig. 9 is χ a = α a 2 r + β with α = 1.702 × 10 −5 and β = −1.492 × 10 −3 . These values are at least one order of magnitude higher than the one reported in previous studies for neat CF and confirm our previous estimate carried out with a different technique [28] . Such a high value of the anisotropic susceptibility highlights the positive effect of the Nickel coating on the magnetic properties of the CF, that allows them to be oriented with a low intensity field easily generated in a lab environment with inexpensive magnets (compared, for instance, to the 8 T cryogen-free superconducting magnet used in [13] to orient neat CF).
The effects of the magnetic field intensity have also been investigated and the corresponding results shown in Figs. 10-12. In particular, Fig. 10 displays the effect of increasing the magnetic field from 10 mT to 80 mT for fibres with different aspect ratios; each of the ranges were selected to have at least one hundred fibres in the statistics. As expected, the shortest fibres are associated with the highest τ o and, in fact, even the strongest field, i.e., 80 mT, does not produce any significant alignment after 1 h. On the other hand, a r three times larger guarantees a much higher alignment with 80 mT and a lower spread in the distribution function. and for all the field intensities considered.
Once the values of τ o are known, the probability of having a certain orientation can be evaluated by Eq. (14) and the comparison to the experimental data is made in Fig. 11 . The model is able to describe the qualitative behaviour seen in the experimental data with larger errors at the lowest field intensities when the number of oriented fibres is lower and the experimental/post-processing errors potentially larger. As expected, the probability of achieving the desired orientation increases with the field intensity; however, for low aspect ratio fibres such an increase is rather marginal and suggests the use of a high field to be an unnecessary complication of the experimental set-up. results in Fig. 12 , the minimum field monotonically decreases for increasing a r of the fibre within the investigated range. As such, longer fibres would require a lower field to achieve the desired orientation. In particular, it is seen from the figure that within the investigated a r range, i.e., 10 < a r < 50, even the lowest field intensity, 10 mT, is enough to achieve the desired orientation.
The dependence of the fibre geometry/properties on the magnetic orientation in solution has previously been illustrated [6, 30] . However, by considering the effects of the fibre geometry on the viscous and magnetic forces, as well as the effects of viscosity changes in the solution, the model is able to provide a clearer picture of the experimentally determined fibre assembly in the cured state. In turn, this makes it a useful tool to determine an optimum matrix/fibre combination, as well as predict the mechanical, electrical and magnetic properties of the composite that can be strongly linked to the anisotropy of the constituents. 
Conclusions
In this paper, the possibility of orienting short carbon fibres in an elastomeric matrix during the curing process of a composite has been studied theoretically and experimentally. The evolution of the fibre orientation was evaluated in terms of time, fibre aspect ratio and magnetic field intensity.
The data obtained by optical microscopy has been post-processed by Digital Image Correlation routines and the results have been used to derive a simple model to predict the evolution of fibre distribution with time. One of the peculiarities of the model is that it allows the minimum magnetic field necessary to achieve a certain orientation to be estimated. It is shown that this quantity depends on the curing rate of the matrix, defined as the the initial viscosity over the curing time, as well as on the geometric and magnetic properties of the fibre. By comparing the model to the experimental data on Nickel coated CF, the anisotropic susceptibility of the fibres was estimated to be at least one order of magnitude higher than the one reported in previous studies for neat CFs for all aspect ranges considered. This finding indeed confirms the results of other experiments carried out with a different technique in [28] . Moreover, it is shown that anisotropic susceptibility increases quadratically with the fibre aspect ratio within the investigated range (10 < aspect ratio < 50). Although the matrix offers a higher resistance to orient long fibres, the increase in the magnetic susceptibility prevails and allows the longer fibres to be oriented faster as confirmed by other literature results [12] . As a consequence, the magnetic field necessary to achieve a certain orientation is reduced.
In conclusion, the model is intended to provide the experimentalists with a simple yet effective tool capable of estimating, for a given matrix/fibre system, the minimum magnetic field necessary to achieve a certain degree of orientation of the fibre, the time necessary to achieve such an orientation and the fibre distribution at curing. The latter information can be used in conjunction with other models, e.g., [8] , to predict the mechanical properties of this highly ordered composite material.
